Abstract. We consider the problem of geometric optimization for the lowest eigenvalue of the two-dimensional Schrödinger operator with an attractive δ-interaction supported on an open arc with two free endpoints. Under a constraint of fixed length of the arc, we prove that the maximizer is a line segment, the respective spectral isoperimetric inequality being strict. We also show that in the optimization problem for the same spectral quantity, but with the constraint of fixed endpoints, the optimizer is the line segment connecting them. Furthermore, we prove that a line segment is also the maximizer in the optimization problem for the lowest eigenvalue of the Robin Laplacian on a plane with a slit along an open arc of fixed length.
Introduction
The most classical spectral isoperimetric inequality states that among all planar domains of a given perimeter, the disc induces the lowest principal eigenvalue for the Dirichlet Laplacian. This statement follows from the famous Faber-Krahn inequality [F23, K24] via a simple scaling argument. In this paper we focus on related spectral isoperimetric properties for the principal eigenvalues of the two-dimensional Schrödinger operator with a δ-interaction supported on an open arc and of the Robin Laplacian on a plane with a slit.
First, we discuss the results for Schrödinger operators with δ-interactions. To this aim, let Σ ⊂ R 2 be any smooth compact closed or non-closed curve; cf. Section 2 for details. Given a real number α > 0, consider the spectral problem for the self-adjoint operator H spectral isoperimetric inequality [E05, EHL06] analogous to the spectral isoperimetric inequality for the Dirichlet Laplacian mentioned above. To be more precise, it can be stated as follows
where the maximum is taken over all smooth loops of a given length L > 0. Here, we denote by |Σ| the length of Σ and C L/2π is a circle of the radius R = L/(2π). We remark that by [BFK + 16] an analogue of (1.2) holds for δ-interactions supported on curves in R 3 and according to the counterexample in [EF09] no direct analogue of (1.2) can hold in the space dimension d = 3 for δ-interactions supported on surfaces, except for special classes of surfaces [EL15] . In the last several years, the investigation of Schrödinger operators with singular interactions supported on non-closed curves and open surfaces became a topic of significant interest [DEKP16, EK16, EP14, ER16, JL16, MPS16a, MPS16b] . In this paper, we obtain a counterpart of (1.2) for two-dimensional Schrödinger operators with δ-interactions supported on open arcs with the optimizer being a line segment. The respective statement is precisely formulated below. . The main geometric ingredient in the proof of Theorem 1.1 is that the line segment is the shortest path connecting two fixed endpoints. However, this simple geometric fact pops up in a somewhat unusual context. We point out that a result similar to (1.3) can also be proven under the constraint of fixed endpoints while the length of the arc varies; see the discussion in Subsection 5.1. In fact, the latter claim is a consequence of Theorem 1.1 and of the ordering between the eigenvalues of H Γ δ,α and of H Λ δ,α under the inclusion Γ ⊂ Λ. Second, we describe the results for the Robin Laplacian on a plane with a slit. Let Σ ⊂ R 2 be a smooth compact non-closed curve as above. For a real number α > 0, consider the spectral problem for the self-adjoint Robin Laplacian H Σ R,α on R 2 \ Σ which corresponds via the first representation theorem to the closed, densely defined, symmetric, and semi-bounded quadratic form in
here u| Σ ± denote the traces of u ∈ H We achieve the proof of Theorem 1.2 via a combination of Theorem 1.1 and of a trick based on the symmetry and on the ordering between the forms h Σ R,α and h Σ δ,2α . It is worth mentioning that, unlike in our setting, the isoperimetric property (1.2) for loops does not imply any claim of such a kind for Robin Laplacians on planar domains with compact boundaries. For Robin Laplacians on bounded domains, different methods are developed for repulsive [B86, D06] and attractive [AFK16, FK15] boundary conditions. The method for attractive boundary conditions is further generalized in [KL16] to exterior domains. The organisation of this paper is as follows. In Section 2 we recall basic known spectral properties of H 
The spectral problem for δ-interactions supported on open arcs
Throughout this section, Σ is an arbitrary curve of a finite length in R 2 with two free endpoints. For simplicity, we assume that Σ is smooth (i.e. C ∞ -smooth), but less regularity is evidently needed for the majority of the results to hold. We emphasize that by saying that Σ is smooth we implicitly understand that it can be continued up to the boundary of a C ∞ -smooth bounded simply connected domain. In particular, Σ has no self-intersections and no increasing oscillations at the endpoints. At the same time, α is an arbitrary positive real number. We are interested in the spectral properties of the self-adjoint operator H (Ω ± ) in the distributional sense and δ-type boundary conditions (2.1) 
Proposition 2.2. For all
. By standard elliptic regularity we get u ± ∈ H 2 loc (Ω ± ). Without loss of generality we can assume that u is real-valued and that u L 2 (R 2 ) = 1. Clearly, we have
. The condition that |u| is a minimizer for the quadratic form h Σ δ,α implies a characterization of |u| through an Euler-Lagrange-type equation
1 We denote by #σ d (T ) the number of discrete eigenvalues with multiplicities taken into account for a self-adjoint operator T .
which is equivalent to the variational characterization of an eigenfunction for H 
Summarizing, the essential spectrum of H Σ δ,α equals the interval [0, ∞) and there is at least one discrete eigenvalue below 0. In particular, the lowest point λ α 1 (Σ) in the spectrum is always a simple negative discrete eigenvalue and the corresponding eigenfunction can be selected to be non-negative in R 2 .
Birman-Schwinger principle
In this section we formulate a Birman-Schwinger-type principle for the operator H 
where K 0 (·) is the modified Bessel function of the second kind and of the order ν = 0; cf. [AS64, §9.6]. In the next proposition we state basic properties of this integral operator. We conclude this section by two corollaries of Theorem 3.2. Proof. In the proof it will be convenient to use the following shorthand notations: . [GS15, Thm. 3.1]) . Second, recall that the function R + ∋ α → G(α) is also continuous and strictly decaying, and that G(α) → −∞ as α → +∞ (see e.g. [L14, Prop. 2.9]). Now we pass to the proofs of the claims. (i) F α (κ) ≥ 1 implies that for some ν ≥ κ holds F α (ν) = 1. Therefore, by Proposition 3.1 and Theorem 3.2 (i) we have −ν Note that for any s, s ′ ∈ I we have
Since Σ is not congruent to Γ, for simple geometric reasons there is a subset S ⊂ I 2 having positive Lebesgue measure such that
Using (4.1), (4.2), positivity of ψ, strict decay of K 0 (·), and the min-max principle we obtain sup σ(αQ
Hence, by Corollary 3.4 we get 
where the maximum is taken over all smooth open arcs Σ that connect two given points Remark 5.2. The proof of Proposition 5.1 indicates a way to obtain a quantified version of the spectral isoperimetric inequality under the constraint of fixed endpoints in the spirit of [BP12] . To this aim it suffices to obtain in the last step of the proof a positive lower bound on the difference λ α 1 (Γ) − λ α 1 (Λ) in terms of α, |Γ|, and |Λ|.
The Robin Laplacian on R
2 \ Σ. The aim of this subsection is to prove Theorem 1.2 on the isoperimetric inequality for the Robin Laplacian H Σ R,α on a plane with a slit R 2 \ Σ. We recall that the self-adjoint operator
) is introduced via the first representation theorem through the closed, densely defined, symmetric and semi-bounded quadratic form h 
